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Abstract

The size and distribution of chemical heterogeneities in the mantle source affect compositions of basalts erupted on the
surface. To understand the effect of size and distribution of heterogeneous mantle source on the variations of isotope ratios
and incompatible trace element abundances in mid-ocean ridge basalts (MORB), we develop a time-dependent two-porosity
ridge model that features disequilibrium melting and channelized melt migration in a truncated triangular melting region. We
run numerical simulations for a two-component mantle that consists of the depleted mantle and enriched blobs spanning a
range of enriched compositions and sizes. The volume fraction of enriched mantle varies under 10% of the mantle source
and the size of the melt production area that contributes to the pooled melt is also treated as a variable. Results show that
higher abundance of incompatible trace element in the enriched mantle, larger size of enriched blobs, and narrower melt pool-
ing area produce larger variations of isotope ratios in the pooled melt. We develop an empirical scaling equation that quan-
tifies the fluctuation of isotope ratios as a function of elemental abundance, size and average spacing of enriched
heterogeneities in the source, and the width of melt pooling area. The two-standard deviation of 143Nd/144Nd, 176Hf/177Hf,
87Sr/86Sr, and 206Pb/204Pb in global MORB not affected by hotspots can be produced by melting a two-component mantle
with 5.2–8.2% enriched heterogeneities of 5.1–6.7 km mean size and 7.0(±1.6), 5.3(±1.2), 2.0(±0.5), and 9.8(±2.2) times high-
er abundances of Nd, Hf, Sr, and Pb than the depleted mantle, respectively. Incomplete mixing of melts at the base of the
lithosphere is likely important for producing the variation of incompatible trace elements in MORB. The melt erupted at
the ridge axis may represent an ensemble of the melt pooled from the center of the melt pooling area and melts pooled from
local areas away from the ridge axis. The present study underscores the importance of the size and distribution of mantle
heterogeneities to the interpretation of isotope ratios and trace element abundances in basalts.
� 2019 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

The source regions of mid-ocean ridge basalts (MORB)
are heterogeneous, consisting of chemically and lithologi-
cally distinct domains of variable size and distribution.
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Partial melting of such heterogeneous mantle sources gives
rise to diverse isotopic compositions of basalts and residual
peridotites (e.g. Zindler and Hart, 1986; Hofmann, 2003;
Stracke, 2012). Variations of isotope ratios of basalts are
generally interpreted on the basis of mixing in the geochem-
ical literature. However, it is difficult to ascertain whether
mixing takes place before, after or during melting and melt
migration in the melting region. For example, the inverse
correlation between 87Sr/86Sr and 143Nd/144Nd in oceanic
basalts can be accounted for by either mixing of depleted
and enriched mantle reservoirs or mixing of melts derived
from the depleted and enriched mantle sources. To further
interpret geochemical mixing calculations, one must con-
sider melting and melt migration processes.

For melting in an upwelling mantle, the size and spatial
distribution of heterogeneous mantle sources feeding into
the melting region are important for the interpretation of
isotope ratios and trace element abundances in eruptible
melts. Two recent studies (Liu and Liang, 2017a; Liang
and Liu, 2018) showed that the shape of a chemical hetero-
geneity marked by isotope ratios in the mantle rock would
be deformed by melting and melt migration. The chemical
heterogeneity would stretch as the transport velocity of
the relevant incompatible element increases (Liang and
Liu, 2018). The chemical heterogeneity would also be
smeared when there is local chemical disequilibrium
between the percolating melt and the residual solid (Liu
and Liang, 2017a). The isotopic signal of the enriched man-
tle is progressively diluted while that of the surrounding
depleted mantle becomes more enriched. Stretching and
smearing alter the composition of the residue directly and
change the composition of melts that are collected and
mixed to form on-axis MORB. Therefore, quantifying the
effect of stretching and smearing of chemical heterogeneities
is necessary for any geochemical model trying to link
MORB and residue samples to the mantle source.

The melt migration induced mixing is important only
when the composition of mantle source is heterogeneous
and the size of enriched mantle is considered. In this study,
we systematically examine the effects of composition, size
and spatial distribution of chemical heterogeneities in the
mantle source on the variations of isotope ratios of Nd,
Hf, Sr, and Pb and selected incompatible trace elements
in the erupted melts. We develop a pseudo-2D two-
porosity ridge model for disequilibrium melting, melt trans-
port, and melt pooling in an upwelling chemically heteroge-
neous mantle (Section 2). We set the size, spatial
distribution, and composition of chemical heterogeneities
in the mantle source and use time-dependent numerical sim-
ulations to study how the enriched isotopic signals are
transported through the melting region and mixed in the
decompaction boundary layer (Section 3). We show that
isotopic variability in the pooled melt depends on the size
of the melt pooling area. We derive a scaling relationship
that can be used to predict isotopic variability in the pooled
melt (Section 4). We argue that incomplete mixing in the
lateral direction is needed to account for the ranges of vari-
ations in Sr, Pb, Nd, and Hf isotope ratios and incompati-
ble trace element abundances in global MORB not affected
by hotspots. The present study demonstrates the impor-
tance of the size and distribution of mantle heterogeneities,
the size of melt pooling area, mantle composition, and melt
generation processes to the interpretation of chemical vari-
ations observed in MORB.

2. THE PSEUDO-2D RIDGE MODEL

2.1. Model domain and set-up of enriched blobs

To model trace element and isotope compositions of
primitive MORB, one has to consider the geometry of the
melting region (O’Hara, 1985). The standard geochemical
treatment of this problem is the melting triangle (e.g.
Holness and Richter, 1989; Plank et al., 1995). In this class
of ridge models, the mantle source is homogeneous and the
problem is time-independent. For heterogeneous mantle
source, previous models consider mixing of melts derived
from depleted and enriched components in the mantle
reservoir or melting of a well-mixed mantle that consists
of depleted and enriched components (e.g. Morgan and
Morgan, 1999; Ito and Mahoney, 2005a,b; Stracke and
Bourdon, 2009; Rudge et al., 2013; Wanless et al., 2014).
In this class of melting models, the enriched and depleted
components in the mantle source are spatially homoge-
neous and the problem is time-independent. In a more gen-
eral setting, the enriched and depleted mantle components
may distribute spatially in the mantle source and their size
needs to be considered in the melting model. The melting
problem is time-dependent (e.g. DePaolo, 1996; Liang,
2008; Weatherley and Katz, 2016; Keller et al., 2017;
Liang and Liu, 2018; Bo et al., 2018).

Fig. 1 is a schematic diagram showing our model setup
where enriched blobs of various sizes enter the base of the
melting region from below. We consider melting a two-
component mantle that consists of randomly distributed
enriched chemical heterogeneities in the depleted back-
ground mantle (Fig. 1b). We assume that the enriched
chemical heterogeneity and depleted mantle have the same
mineralogy and major element composition and thus the
same melting behavior. The size, shape, and distribution
of the enriched heterogeneities in the mantle are unknown.
As a starting model, we consider an endmember case in
which the shape of enriched mantle blobs feeding into the
melting region from below is circular and their spatial dis-
tribution is random. Such a heterogeneous mantle source
can be described mathematically as a time-dependent
boundary condition at the bottom of the melting region
by superposition of individual heterogeneities in the 2D
domain. For a series of Gaussian-shape heterogeneities,
the mantle composition feeding into the melting column is
given by the expression:

C0
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Xn
i¼1

Ci
E � CD

� �

� exp � V 0 � t � tið Þ
ri

� �2

� x� xi
ri

� �2
 !

; ð1Þ

where C0
s is the concentration of the trace element in the

mantle source; CD and Ci
E are concentrations of the

depleted mantle and the endmember concentration in the



Fig. 1. Schematic diagram showing the pseudo-2D ridge model for melting in an upwelling chemically heterogeneous mantle. Orange blobs in
panel (a) represent chemical heterogeneities. Dashed lines indicate mantle flow direction. Red lines without waves illustrate melt flows in the
high-porosity channel while wavy red lines illustrate melt flows in the porous matrix. Thick lines are lithosphere-asthenosphere boundaries
(LABs). Under the LAB, melts are passively focused to the axis to form the pooled melt. A local melt pooling area is shown as a color-shaded
bin. Panel (b) shows an idealized case of randomly distributed circle-shaped heterogeneities in the background of depleted mantle. The
position of individual heterogeneity in the source can be determined by the horizontal position, xi, and the distance below the bottom of the
melting region. The latter is the product of the upwelling rate of the mantle, V0, and the time that the heterogeneity enters the melting region,
ti. Panel (c) shows a vertical concentration profile in the source mantle. Enriched heterogeneities are Gaussian-shaped and their sizes are
defiend as L ¼ 2

ffiffiffi
p

p � ri. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

B. Liu, Y. Liang /Geochimica et Cosmochimica Acta 268 (2020) 383–404 385
i-th enriched heterogeneity; ti is the time when the i-th
heterogeneity enters the melting region; xi is the horizontal
position of the i-th heterogeneity; ri is a parameter in the
Gaussian function. Key symbols are listed in Table 1.
The size of the heterogeneity is defined as:

Li ¼ 2
ffiffiffi
p

p � ri: ð2Þ
We treat the 2D melting region as two overlapping con-

tinua consisting of low-porosity residual lherzolite and
harzburgite (referred to as the matrix continuum or matrix
hereafter) and high-porosity interconnected dunite channels
(or channel continuum). Part of the melt generated in the
matrix is extracted into the channel while the remaining
interstitial melt percolates through and exchanges chemi-
cally with the porous residue matrix. For convenience, we
refer interstitial melts in the matrix and channel continua
as the ‘‘matrix melt” and the ‘‘channel melt”, respectively.

The model domain is a 60 km � 100 km triangular melt-
ing region. We assume the same dry solidus for the enriched
and depleted mantle reservoirs and melt produced in
regions beyond the 100 km-width of the domain completely
solidifies at the base of the lithosphere (Asimow et al.,
2004). The size of the melting region and the degree of melt-
ing should sustain a melt flux capable of producing a 6 km
thick oceanic crust. For a constant and uniform melting
rate, this can be achieved by setting the maximum degree
of melting at the ridge axis to 20%. The triangular melting
region consists of a bundle of two-porosity melting columns
that consist of the matrix and channel continua (Yao et al.,
2010). To focus on chemical variations, we assume that
porosity, melt and solid velocities in the matrix and channel
continua in each melting column are independent of time
and horizontal coordinate. (The effect of horizontal melt
flow is discussed in Section 5.) Hence our bundle of column
model is a pseudo-2D model in which lateral melt and solid
flows in the melting region are neglected.

Matrix and channel melts emerging at the top of each
melting column percolate toward the ridge axis along a
sloping decompaction channel at the lithosphere-
asthenosphere boundary or LAB (Sparks and Parmentier,
1991; Spiegelman, 1993; Hebert and Montési, 2010). Melt
migration along the thin decompaction channel can be
time-dependent due to presence of porosity waves (e.g.
Spiegelman, 1993; Ghods and Arkani-Hamed, 2000). This
complicated process will not be treated in the present study.
Instead, we consider two endmember cases: complete mix-



Table 1
Key symbols.

Symbols Meaning Values

C0
s Concentration of trace element in the mantle source

Cm
s ;C

m
f ;C

ch
f Concentration of trace element in the residue, matrix melt, or channel melt

d Average grain size
Da Damköhler number defined in Eq. (3)
Ddiff Diffusivity of trace element in clinopyroxene
EMX Enrichment factor defined in Eq. (6)
F Degree of melting experienced by the solid matrix <0.20
F 0 Reference degree of melting 0.20
km; kp Partition coefficient for the solid matrix or melting reaction
L Size of circular heterogeneity defined in Eq. (2)
n Porosity exponent in the permeability model 3
S Relative melt suction rate 0.85–0.95
V 0 Upwelling rate of the mantle 0.1 m/yr
V m

s ; V
m
f ; V

ch
f Velocities of the residue, matrix melt, or channel melt

wp Width of the melt pooling area
wp100 Reference width of melt pooling area 100 km
/ Porosity in the matrix
/ref Reference porosity 0.01
b A shape factor depending on grain geometry 5
C Melting rate of the matrix
qf ; qs Density of the melt or solid 2700 and 3300 kg/m3

x Volume proportion of enriched heterogeneities 0.02–0.10
w Volume proportion of channels 0.1
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ing and incomplete mixing along the length of the LAB.
The latter may serve as a reference model for off-axis sea-
mounts (color-shaded region in Fig. 1a).

2.2. Disequilibrium near-fractional melting, melt migration,

segregation and pooling

The governing equations are the same as those described
in Liu and Liang (2017a). They consist of mass conserva-
tion equations for the matrix and channel melts and solids,
Darcy’s law for buoyancy driven melt segregation, and
mass conservation equations for a trace element in the
matrix and channel continua (Appendix A).

There are two key parameters in our melting model: rel-
ative melt suction rate (S) and melting Damköhler number
(Da). S is defined as the proportion of instantaneously gen-
erated melt that is extracted to channels. When S = 1, all
the melt generated is extracted to channels, leaving no melt
porosity in the residue. This is the endmember case of per-
fect fractional melting. The range of S reasonable for man-
tle melting is 0.80–0.95 (Iwamori, 1993; Lundstrom, 2000;
Liang and Peng, 2010). In this study, we use S = 0.85 unless
stated otherwise.

The melting Damköhler number, Da, quantifies the
extent of chemical disequilibrium between the residue and
the percolating melt. It is defined as ratio of the rate of
melting relative to the rate of diffusive exchange between
the melt and residue for the element of interest (Navon
and Stolper, 1987; Liang, 2003; Liang and Liu, 2016; Liu
and Liang, 2017a):

Da ¼ C
qs

d2

3b � Ddiff
; ð3Þ
where C and qs are the melting rate and density of the resid-
ual solid, respectively; d is the average grain size; b is a
shape factor; and Ddiff is the diffusivity of the element in
the mineral.

The limit of equilibrium melting is realized for the ele-
ment of interest when its Da is zero. Based on inversion
of REE patterns in clinopyroxene in residual abyssal peri-
dotites, Liu and Liang (2017b) found that Da for Nd is in
the range of 0–0.02. Given Da for Nd (say 0.01), Da’s for
other trace elements can be calculated by replacing the dif-
fusivity of Nd in Eq. (3) by the diffusivity of the element of
interest. Because the diffusion of Sr and Pb in clinopyrox-
ene is more than four orders of magnitude faster than Nd
and the diffusion of Hf in clinopyroxene is about two-
thirds slower than Nd (Sneeringer et al., 1984; Cherniak,
1998; Van Orman et al., 2001; Bloch and Ganguly, 2014),
Da’s for Sr and Pb are effectively zero and Da for Hf is
three times that of Nd. Hence, 87Sr/86Sr and 206Pb/204Pb
isotope ratios of the interstitial melt and residual solid are
in local chemical equilibrium whereas 143Nd/144Nd and
176Hf/177Hf isotope ratios are out of chemical equilibrium
during their transit through residual peridotite in a melting
column. Therefore, mantle heterogeneities as marked by
isotope ratios of Sr, Pb, Nd, and Hf will experience different
extent of stretching and smearing during melting and melt
migration in an upwelling mantle and this effect needs to
be considered in the interpretation of isotope ratios
recorded in basalts and residual peridotites.

In our pseudo-2D model, the porosity and velocity in
each melting column depend only on the vertical coordinate
and are given by steady-state solutions of mass conserva-
tion equations for the matrix and channel continua and
Darcy’s law (Eqs. (A1)–(A4) in Appendix A). For the melt-
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ing column directly beneath the ridge axis, the matrix
porosity increases from zero to 0.53% and the matrix melt
velocity increases from 0.1 m/yr to 0.56 m/yr from the soli-
dus to the top of the 60 km-high melting column (Fig. S1).

The flux in the channel is an integral of extracted matrix
melts at all depths. For efficient numerical integration of the
2D problem, we follow the simplification of Ito and
Mahoney (2005a) and Wanless et al. (2014) by assuming
instantaneous melt extraction through the channel:

/chV
ch
f C

ch
f ¼

Z z

0

dz � CS 1� w
w

Cm
f : ð4Þ

Eq. (4) is a solution for the flux of the trace element of inter-
est in the channel melt at the top of each melting column.
To calculate the composition of locally averaged melt
pooled from a bundle of melting columns with height
increasing from zmin to zmax toward the ridge axis, we inte-
grate channel melt flux and matrix melt flux from the
enclosed melting columns using the expression:

Cpooled
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where h is the slope of LAB. For constant h, the term coth
can be canceled.

3. TRANSPORT AND SAMPLING OF

HETEROGENEITIES

3.1. Compositions of the matrix melt

Isotope ratios of Sr, Pb, Nd, and Hf in the matrix melt
vary spatially and temporally depending on the size, shape,
and distribution of chemical heterogeneities in the mantle
sources. This can be demonstrated through two case stud-
ies: one with a fixed size of 2.7 km and the other with a fixed
size of 5.3 km (Fig. 2). The volume proportion of enriched
heterogeneities in the two-component mantle source is 2.5%
in both cases. For simplicity, we assume that concentrations
of the incompatible trace elements (Nd, Hf, Sr, and Pb) in
the enriched endmember are eight times higher than those
in the depleted mantle. In a more realistic case, the relative
enrichment factor may vary with element, which we will dis-
cuss in Section 4.3. Isotope ratios of Sr, Pb, Nd, and Hf in
the enriched mantle correspond to those in EMII (Table 2,
Stracke et al., 2003).

In the equilibrium case of 87Sr/86Sr and 206Pb/204Pb
(Da = 0, Fig. 2(e–h)), heterogeneities are stretched verti-
cally in the upper part of the melting region due to the ver-
tical acceleration of the melt. The full range of isotope
ratios in the source is still recorded in the matrix melt. It
is possible to identify individual chemical heterogeneity in
the residue, though its shape is deformed by melt-
migration induced stretching. However, in the disequilib-
rium case of 143Nd/144Nd and 176Hf/177Hf (Fig. 2(a–d)),
heterogeneities are both stretched and smeared in the upper
part of the melting region where the amplitude of the
enriched signal is damped. The size and extreme isotope
ratios of heterogeneities in the melting region are not pre-
served. Heterogeneities are strongly dispersed in the upper
half of the melting region, creating vertical enriched stripes.
Each enriched stripe may contain more than one hetero-
geneity positioned closely in the vertical direction (also
see Fig. S2). However, in the lower part of the melting
region (z < 20 km), the size, shape, distribution, and ampli-
tude of isotopically enriched signals are largely preserved,
independent of the state of chemical disequilibrium. This
is due to the shorter travel distance and that the effect of
stretching and smearing are cumulative upward.

The distribution of chemical heterogeneities in the
melting region shown in Fig. 2 is only a snapshot of the
time-dependent simulations using two possible sizes of
heterogeneities. In the supplementary materials, we present
snapshots of two simulations with 10% enriched mantle
(Fig. S2) and animations (Movies 1–4) that further illus-
trate the dynamic nature of melting a spatially distributed
two-component mantle. The spatial distribution of hetero-
geneities in the melting region changes with time, though
the overall picture of smearing and stretching in the upper
part of the melting region are persistent.

3.2. Compositions of pooled melts

The channel melt is a vertical aggregation of matrix melt
along each melting column in the triangular melting region.
The matrix and channel melts emerging at the top of each
melting column are assumed to be funneled to the ridge axis
through the decompaction boundary layer beneath the
LAB where further mixing takes place (Fig. 1). To model
melt mixing beneath the LAB, we subdivide the melting
region into a number of bins (one is shown as a color-
shaded area in Fig. 1a) and investigate variations of isotope
ratios of Sr, Nd, Pb, and Hf in locally averaged melts at dif-
ferent locations along the decompaction channel and as a
function of the bin width. Although the physical process
of mixing is not treated, locally averaged melt compositions
provide useful information on the possible range of chemi-
cal variations in the pooled melts and its sensitivity to the
length scale of mixing along LAB. The well-mixed pooled
melt corresponds to the average melt over the entire simu-
lation domain (i.e., a bin width of 100 km). The case of least
mixing considered here has a bin width of 0.25 km, which is
the cell width of the mesh.

To a first order, composition variability of pooled melt
increases as the width of the melt pooling area, or the bin
width, decreases or the size of heterogeneity increases
(Fig. 3 and Figs. S3, S4). The ranges of 143Nd/144Nd and
87Sr/86Sr in the well-mixed pooled melt (bin width
100 km) are 15% and 22% of the two-component source
when the size of heterogeneities is 2.7 km. For the same
size, concentration, and proportion of enriched hetero-
geneities, if the bin width is reduced to 2.5 km, the pooled
melts would record 43% 143Nd/144Nd and 65% 87Sr/86Sr
variations in the mantle source. As the bin width decreases,
the volume of individual heterogeneity relative to the melt
pooling area increases, creating more variation of the
pooled melt. There is a trade-off between the size of individ-
ual heterogeneity and the width of melt pooling area. The
same range of isotope ratio variations can be produced by
doubling the size of heterogeneity and quadrupling the



Fig. 2. A snap shot of the distribution of isotope ratios in the matrix melt in the triangular melting region produced by melting a two-
component mantle that consists of randomly distributed heterogeneities. The volume proportion of enriched heterogeneities is 2.5%. The
initial size of heterogeneities is 2.7 km for results presented in the left column, while the initial size is 5.3 km in the right column. The
concentration of incompatible trace elements in the heterogeneity is eight times that of the concentration in the depleted-DMM of Workman
and Hart (2005). The isotope ratio of the enriched endmember is calculated as EMII using the method of Stracke et al. (2003).
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bin width of the melt pooling area (c.f. Fig. 3c and e). We
will present a scaling relationship that can be used to com-
pare results from different size of heterogeneity and width
of melt pooling area in Section 4.4.

All else being equal, variations of 87Sr/86Sr and
206Pb/204Pb are larger than those of 143Nd/144Nd and
176Hf/177Hf when normalized by the variation of respective
isotope ratio in the source (Fig. 3 and Figs. S3, S4). This
difference, also observed in the mixing model of Rudge
et al. (2013), is mostly due to the fact that Sr and Pb are
more incompatible than Nd and Hf during mantle melting
(Table 2). Consequently, the relative depletion of Nd and
Hf in the shallow matrix melt produced by high degree of
melting compared to that in the deep matrix melt produced
by small degree of melting are less than the relative deple-
tion of Sr and Pb. Chemical disequilibrium further hinders
the depletion of Nd and Hf in the matrix melt as the degree
of melting increases (Liang and Liu, 2016). The isotopically



Table 2
List of reference mantle compositions and melting parameters.

DMM*
(ppm)

EMII*
(ppm)

EMX** km
† Da

min max

Ba 0.227 172.1 758 3.0 � 10�5 1.2 � 10�4 0.000
Nb 0.0864 4.28 49.6 0.0019 0.0029 0.000
La 0.134 9.16 68.4 0.0010 0.0072 0.020
Ce 0.421 19.7 46.8 0.0016 0.011 0.016
Pb 0.014 2.31 165 0.0019 0.012 0.000
Nd 0.483 12.7 26.2 0.0039 0.025 0.010
Sr 6.092 116.5 19.1 0.0017 0.012 0.000
Zr 4.269 72.6 17.0 0.010 0.030 0.025
Hf 0.127 2.32 18.3 0.012 0.030 0.025
Sm 0.210 3.55 16.9 0.008 0.042 0.006
Gd 0.324 4.48 13.8 0.013 0.059 0.004
Dy 0.471 5.18 11.0 0.020 0.076 0.003
Y 3.129 30.35 9.70 0.022 0.082 0.002
Yb 0.348 3.06 8.78 0.038 0.098 0.001
143Nd/144Nd 0.5133 0.5124
176Hf/177Hf 0.2835 0.2828
87Sr/86Sr 0.7022 0.7093
206Pb/204Pb 17.57 19.14
207Pb/204Pb 15.40 15.66
208Pb/204Pb 37.20 39.71

* DMM is the depleted-DMM from Workman and Hart (2005). The enriched endmemebr is calculated by mixing subduction-modified
basalt and 25% pelagic clay recycled at 1 Ga (Stracke et al., 2003).
** Enrichment factor relative to DMM.
† The partition coefficients for minerals are from Kelemen et al. (2003), Sun and Liang (2012), and Yao et al. (2012). The melting reaction is
from Kinzler and Grove (1992).
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enriched melt derived from melting an enriched heterogene-
ity just entering the melting region will be diluted by iso-
topically depleted melt in the upper part of the melting
region during vertical melt aggregation in the channel.
The enriched isotope ratios of Sr and Pb in the melt at
the bottom would be less affected by isotopically depleted
melt in the upper part of the melting region. Therefore,
chemical heterogeneities of Nd and Hf experience stronger
vertical mixing than those of Sr and Pb during melt migra-
tion in the channel. Once the enriched signals of isotope
ratios in the matrix melt travel to the upper part of the
melting region, the strongly damped enriched signals of
143Nd/144Nd and 176Hf/177Hf and the strongly stretched
enriched signals of 87Sr/86Sr and 206Pb/204Pb have low
abundance and thus little effect on the isotope ratios of
the pooled melt.

The probability density of the isotopic composition of
the well-mixed pooled melt has a peak at the center of the
predicted compositions which coincides with the mean
composition of the mantle source on the mixing line in
Fig. 3(a and d). However, the peak density is concentrated
towards DMM when the bin width is smaller than 10 km
(Fig. 3(b, c, e, f)). The latter happens because there is less
mixing in the narrow bin and the pooled melt samples the
DMM-dominated (97.5% by volume) source (see Fig. S6
for histograms of the source and the pooled melt). The
sub-vertical trend that starts from DMM and gradually
rotates counter-clockwise is a result of longer residence time
of Nd in the melt pooling area than that of Sr (Fig. 3(c, e,
and f)). Because the effective transport velocity of Sr (and
Pb) in the matrix melt is faster than that of Nd (and Hf),
when a Sr isotopic heterogeneity exits the melting region,
the corresponding Nd isotopic heterogeneity (e.g., the
smeared Nd isotopic heterogeneity beneath the axis in
Fig. 2b) could be still inside the melting region and con-
tribute to the enriched 143Nd/144Nd in the pooled melt.

In 143Nd/144Nd vs. 87Sr/86Sr diagram (Fig. 3(a and d)),
the trend of the well-mixed pooled melt has a different slope
than the mixing line. This counter-clockwise rotation arises
because the variation of 87Sr/86Sr as a fraction of the vari-
ation in the source (22% in Fig. 3a) is larger than that of
143Nd/144Nd (15%). In the mixing model of Rudge et al.
(2013), the rotation of melt trend is also observed when
the ‘‘mixing parameter is large” or the mixing is relatively
efficient. The rotation depends on the difference between
the variation of 87Sr/86Sr and that of 143Nd/144Nd as pro-
portions in the source, which is the consequence of afore-
mentioned effect of different incompatibility (Rudge et al.,
2013). Little or no rotation occurs if the relative isotopic
variations between Sr and Nd are comparable (e.g., 39%
and 34% for the case shown in Fig. 4a).

The location of the melt pooling bin within the melting
region also influences the compositional variation of the
pooled melt. This is illustrated in Fig. 4 and Fig. S5. The
range of variations of 143Nd/144Nd and 176Hf/177Hf in bins
within 50 km of the ridge axis are almost constant (also see
Fig. S6). Beyond 50 km, there is an increase of the variation
of 143Nd/144Nd and 176Hf/177Hf with increasing distance
from the axis. For 87Sr/86Sr and 206Pb/204Pb, there is no sig-
nificant change in the trend of the variation as a function of
bin location (Figs. S5 and S6). The insensitivity to the bin
location is due to lower concentrations of incompatible



Fig. 3. Variations of isotope ratios of Sr and Nd in the pooled melt for three choices of melt pooling area and two choices of heterogeneity
size. The bin width and heterogeneity size are labeled in each panel. One side of the bin is beneath the ridge axis. Colored circles represent 5000
random samples from all 20,000 samples produced by the two 60 Myr simulations. The concentrations of Nd and Sr in the enriched
endmember are 8 times of the depleted mantle. The volume proportion of enriched heterogeneities is 2.5%.
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trace element in the upper part of each melting column. As
the distance from the ridge axis decreases, the height of the
melting column and hence the extent of melting increase.
Melts produced in the upper part of the melting column
do not affect the pooled melt as effectively as those in the
lower part. Because Nd and Hf are less incompatible than
Sr and Pb, their depletions in the matrix melt are less as
the degree of melting increases. Consequently 143Nd/144Nd
and 176Hf/177Hf are more sensitive to the distance of the bin
away from the ridge axis.

The large variation of isotope ratios in the pooled melt
cannot be explained by standard mixing models in which
each melt composition represents a mixed source composi-
tion or all melt compositions lie on the mixing line between
melts derived from the two endmembers (Langmuir et al.,
1978) for three reasons. First, the composition of the
pooled melt could be outside the mixing line. Second, the
trend of melt composition may not extend to the endmem-
ber compositions even if the source is a simple two-
component mantle. And finally, the melt composition is
diverse and governed by the static nature of the hetero-
geneities (size and distribution), mixing, and sampling even
when the composition and proportion of endmembers are
fixed. The latter is especially problematic when the number
of samples is limited. For example, if one were to interpret
the data of the pooled melt with 87Sr/86Sr of 0.707 in Fig. 3f
or 4f as a mixture of the two-component source, the volume
proportion of the enriched endmember would be 21%
which is more than eight times higher than the actual pro-
portion (2.5%). Therefore, interpreting the volume propor-
tion of source endmember from individual melt
compositions could be misleading. With spatially dis-
tributed mantle heterogeneities of specific size, it is possible
to attribute samples with extreme isotope ratios as small
probability event without overestimating the proportion
of endmember in the two-component mantle source or
invoking additional mantle component(s). Unlike the statis-
tical parameterization for the mixing process in previous
melt mixing models (e.g. Slater et al., 2001; Rudge et al.,
2013), we use physical parameters such as the size of melt
pooling area, and the size and elemental abundances of
enriched heterogeneities to quantify the extent of mixing
in Sections 4.2–4.4 below.

4. DISCUSSION

4.1. Disequilibrium melting versus equilibrium melting

Almost all geochemical studies of Nd and Hf isotope
variations in partial melt produced by mantle melting use



Fig. 4. Variations of 143Nd/144Nd and 87Sr/86Sr in the pooled melt for different locations of melt pooling area and bin width. The location and
bin width are marked in the top right panel. Colored circles represent 5000 samples randomly picked from all 20,000 samples produced by a 60
Myr simulation. Magenta loops mark the range of melt compositions in a case of equilibrium melting (Da = 0). The size of heterogeneities is
5.3 km. The concentration of Nd and Sr in the enriched endmember is 8 times of the depleted mantle. The volume proportion of enriched
heterogeneities is 2.5%. See supplementary Figs. S3 and S4 for isotope ratios of Pb and Hf.
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an equilibrium melting model. The effect of chemical dise-
quilibrium on Nd isotope variations in the pooled melt
can be illustrated by comparing the disequilibrium case pre-
sented in Fig. 4 (color coded dots) with an equilibrium case
in which we set Da for Nd zero (magenta loops). (Similar
plots for Hf-Pb and Hf-Nd isotope ratios are shown in
Figs. S3 and S4.) Depending on bin width and location, a
significant fraction of melt samples in the disequilibrium
case could be outside the range predicted by the equilibrium
model (8% in Fig. 4a and 42% in Fig. 4b). In the case of
equilibrium melting, the trend of melt compositions in the
143Nd/144Nd vs. 87Sr/86Sr correlation diagram is less
rotated about the mixing line because the equilibrium bulk
partition coefficient of Nd is smaller than the effective par-
tition coefficient of Nd during disequilibrium melting
(Liang and Liu, 2016). Hence, Nd and Sr behave more sim-
ilar in the case of equilibrium melting. Therefore, it is
important to consider chemical disequilibrium when inter-
preting compositional trends of the pooled melt in
143Nd/144Nd vs. 87Sr/86Sr diagram.

4.2. The effect of size distribution on the variation of isotope

ratios

Results presented in Section 3 are based on simulations
with uniform heterogeneity size. In a more general case, the
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size of heterogeneities in the source region vary spatially.
Our simulations with distributed heterogeneity size show
that smaller heterogeneities are damped or dispersed more
strongly and blended into the background mantle, whereas
larger heterogeneities are more resistive to smearing in the
upper triangular region (right column in Fig. S2). It is infor-
mative to compare variations of isotope ratios in pooled
melts in cases with uniform and variable heterogeneity
sizes. Fig. 5 compares temporal variations of the well-
mixed pooled melts derived from three case studies: two
with constant sizes (2.7 and 5.3 km) and one with non-
uniform size (equal number of heterogeneities with size of
1.3 km, 2.0 km, 2.7 km, . . . and 6.6 km, with a volume-
averaged size of 4.5 km). The width of the melt pooling area
for these cases is 100 km.

The time series of isotope ratios in the well-mixed
pooled melt only show low frequency fluctuations
(Fig. 5). The high frequency signal produced by smaller
heterogeneities in the time series of the input mantle is
damped in the pooled melt. The extreme compositions in
the pooled melt is preferentially set by the larger hetero-
geneities while smaller heterogeneities mainly contribute
to the average composition of the pooled melt. We found
that variations of isotope ratios of Nd and Hf in the case
of variable heterogeneity size are slightly lower whereas
Sr and Pb are slightly higher than the variations in the case
of uniform size of 4.5 km which is the average size of the
size distribution (Figs. S7 and S8). Hence it is possible to
study variations of isotope ratios of Sr, Pb, Nd, and Hf
in the pooled melt using the average heterogeneity size.
Fig. 5. 143Nd/144Nd and 87Sr/86Sr in well-mixed pooled melt as a function
time series of the input mantle is the composition of the mantle averaged
heterogeneities is labeled above the panels. The concentration of incomp
concentration in the depleted mantle. The volume proportion of enriche
heterogeneities in the melting region increases and the composition of the
This initial burn-in stage is not shown. A snapshot of matrix melt in th
Fig. S2.
4.3. Trade-off between concentration and size of the enriched

endmember

The abundance of the trace element in the enriched
heterogeneity also affects the variation of its isotope ratio
in the pooled melt. It is convenient to introduce an enrich-
ment factor (EMX) which is defined as the concentration of
the trace element of interest in the enriched endmember
(CE) relative to that in DMM (CD):

EMX ¼ CE

CD
: ð6Þ

In the examples shown in Figs. 2-5, we used a constant
EMX for Nd, Hf, Sr and Pb in our simulations
(EMX = 8). In a more realistic case, the enrichment factor
should be element specific. In the following simulations, we
set the EMX for Nd and calculate EMXs for other elements
according to their elemental ratios in the enriched endmem-
ber (Table 2).

Liu and Liang (2017b) suggested that the variations of
Nd and Hf isotope ratios in the pooled melt could be deter-
mined by the product of the enrichment factor and the ver-
tical dimension of the heterogeneity which they called the
enrichment strength. In their model, the shape of the
enriched chemical heterogeneities is a rectangle and the
width is implicitly set by the width of the melting column
(11 km). To compare simulations results using different
shapes of heterogeneities (e.g., circular and rectangular),
we introduce the 2D enrichment strengths and the average
spacing between heterogeneities:
of time and three choices of heterogeneity size and distribution. The
at the bottom of the melting region. The size or size distribution of
atible trace elements in the heterogeneity is two times that of the
d heterogeneities is 2.5%. During the first 0.6 Myr, the number of
pooled melt is gradually enriched as heterogeneities start to enter.
e case of variable size (panels c and f) is shown in supplementary
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\2D enrichment strength" ¼ EMX � A
¼ EMX � 1

4
L2 ðCircleÞ

¼ EMX � LxLz ðRectangleÞ
; ð7Þ

\Average spacing" ¼ 1� x
x

� L; ð8Þ

where A is the effective area of the heterogeneity that
accounts for the excess mass of incompatible trace element
in individual heterogeneity compared to the depleted man-
tle; Lx and Lz are the width and height of the rectangular
heterogeneity in Liu and Liang (2017b); and x is the vol-
ume proportion of enriched heterogeneity in the two-
component mantle. The size of circular heterogeneity is
defined by Eq. (2).

We have calculated compositions of the well-mixed
pooled melt in 30 numerical experiments with a range of
sizes (0.6–10.6 km) and EMXs (2–20 for Nd). For compar-
ison, we set the mean isotopic compositions of the two-
component mantle the same in the 30 simulations. The
results are summarized in Fig. 6. The enriched bound
(defined as the bound of the 95% probability interval)
approaches the enriched endmember as the 2D enrichment
strength increases while the depleted bound approaches the
depleted endmember as the average spacing between
heterogeneities increases. To the first order, the range of
isotope ratios in the pooled melt shrinks as the 2D enrich-
Fig. 6. Composition of the well-mixed pooled melt as a function of 2D
isotope ratios of DMM and EMII, respectively. The dashed line is the a
probable composition and the range (95% probability interval) of the pool
bounds. The red wiggles for the depleted bound would be smoothed
discussions). Each of the 30 simulations uses at least 200 enriched heteroge
ranges from 0.6 to 10.6 km and the concentration of Nd in the enriched h
other trace elements in the enriched heterogeneity is determined from Nd
heterogeneities in each simulation is set to assure that the average sourc
pooled melt produced by variable DMM and EM compositions (Liu an
DMM composition and the most probable melt composition for these a
ment strength decreases. We have obtained empirical
expressions for the enriched bound and the depleted bound
for the variation of isotope ratios in the well-mixed pooled
melt (Eqs. (B5) and (B6) in Appendix B) and the results for
143Nd/144Nd are shown as contours in Fig. 7(a and b). The
average spacing is proportional to the product of the size
and the enrichment factor when the mean composition of
the pooled melt is fixed. Hence the contours of enriched
bound and depleted bound have slopes of �2 and �1,
respectively, in the plot of EMX vs. size (Fig. 7 and
Fig. S9), making it possible to estimate the size and EMXs
for Nd, Hf, Sr, and Pb given the mean and standard devi-
ation of isotope ratios of MORB. This estimation is valid
for a two-component mantle source with circular-shaped
heterogeneities and 100 km-wide one-sided melt pooling
area.

Fig. 6a also displays results from Liu and Liang (2017b)
in red shade. The isotope ratios of DMM and enriched end-
members are variable in their model. The aspect ratios (Lz/
Lx) are from 0.4 to 3.2. For a 2D enrichment strength of
5 km2, the range of variations of the pooled melt is compa-
rable to the variation of DMM composition (gray vertical
bar in Fig. 6a) although the average of the pooled melt is
more enriched. Therefore, the additional variation of iso-
tope ratios in simulations with variable DMM as the case
of Liu and Liang (2017b) compared to simulations with
enrichment strength. The black and blue horizontal lines mark the
verage of the source. The filled circle with vertical bars is the most
ed melt in each simulation. The red curves are depleted and enriched
if the x-axis is the average spacing (see Eqs. (B5) and (B6) and
neities of the same size and composition. The size of heterogeneities
eterogeneity ranges from 2 to 20 times of DMM. Concentrations of
and elemental ratios in EMII (Table 2). The proportion of enriched
e composition is fixed. The pink shade in panel (a) is the range of
d Liang, 2017a). The gray box and gray circles mark the range of
dditional data.



Fig. 7. The prediction of the ‘‘Enriched bound” and the ‘‘Depleted bound” of 143Nd/144Nd for the well-mixed pooled melt as functions of the
size and enrichment factor of the heterogeneities (see Appendix B for details). The y-axis is the enrichment factor of Nd. The143Nd/144Nd of
the depleted mantle and the enriched endmember are 0.5134 and 0.5124 respectively. Solid red lines are the lower and upper two-standard
deviation bound of 143Nd/144Nd in hotspot-unaffected MORB (compiled from PetDB, Lehnert et al., 2000). The proportion of enriched
heterogeneities is restricted so that the mean 143Nd/144Nd of the pooled melt fits the mean of MORB, 0.51307. The solid red line representing
the lower bound of MORB in panel (a) is copied to panel (b) as the dashed red line. The intersection in panel (b) has L of 6.7 km and EMX for
Nd of 5.4. The proportion of enriched heterogeneities corresponding to the intersection is 8.2%.
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constant DMM composition as the present case is probably
due to the variation of DMM composition (Fig. 6a). The
trend of the enriched bound and the depleted bound for
variable aspect ratios of heterogeneities are parallel to the
bounds for circular heterogeneities. More studies are
needed to further test other choices of heterogeneity shape
and aspect ratio.

4.4. Trade-off between the size of mantle heterogeneity and

the size of melt pooling area

In this section, we generalize the empirical expressions
of isotopic variation derived for 100 km-wide one-sided
melt pooling area (Eqs. (B5) and (B6)) for the use of sym-
metric melt pooling areas of 5–200 km wide beneath the
ridge axis. First, we compare the variation of 143Nd/144Nd
in the melt pooled from a one-sided melt pooling area to
that from a symmetric melt pooling area of the same
width (c.f. left and right columns in Fig. 8). The solution
to the symmetric melt pooling area is generated using two
solutions to the one-sided melt pooling areas. The
sequence of heterogeneities that enter each of the two
one-sided melt pooling areas is independent of each other.
Therefore, by mixing melts from these two one-sided
equal-width melt pooling areas, we can produce the melt
pooled from a symmetric melt pooling area. Results show
that the variation of 143Nd/144Nd in the pooled melt rela-
tive to the variation in the two-component source is a
function of the width of melt pooling area. The difference
of relative 143Nd/144Nd variations in the pooled melt
between the two cases of one-sided and symmetric melt
pooling area is small if the width of the melt pooling area
is the same (each row of Fig. 8).

Next, we quantify the trade-off between the size of man-
tle heterogeneity and the size of melt pooling area. To pro-
duce the same 143Nd/144Nd variations in the melt pooled
from a melt pooling area narrower or wider than 100 km
using Eqs. (B3)–(B6), one would need to replace the true
size (L) with an equivalent size (L*) in accordance to the
size of melt pooling area. We have inverted for the equiva-
lent size for a fixed true size of heterogeneities (5.3 km) and
a range of width of melt pooling areas (2.5–200 km) and
plotted the equivalent size against the width of melt pooling
area in Fig. 9. There is a negative correlation between the
equivalent size, L*, and the width of melt pooling area,
wp. This correlation can be well fitted with L* � wp

�1/2

for wp from 2.5 km to 100 km, although the correlation
conforms to L* � wp

�1 better if wp is greater than 100 km
(Fig. 9). For simplicity, we use L* � wp

�1/2 (Eq. (B7)) for
wp from 2.5 km to 200 km because the misfit at wp = 200 -
km is only 1 km which is acceptable. The square root
dependence emphasizes the importance of the area (volume
in 3D) of the heterogeneity in the melt pooling area. The
concentration of incompatible elements in the upper part
of the melting region is low. Consequently, the effective vol-
ume of the melting region is proportional to the width of
the melting region. Hence the empirical scaling relation-
ships Eqs. (B5) and (B6) in Appendix B is further general-
ized by normalizing the volume of the heterogeneity (�L2)
to the effective volume of the melting region (�wp) through
Eq. (B7). The usefulness of the empirical scaling relation-
ships is demonstrated below.



Fig. 8. Comparison of the temporal variation of 143Nd/144Nd in the melt pooled from a one-sided melt pooling area (a, c, e) versus that from a
symmetric melt pooling area of the same width (b, d, f). The size of heterogeneities is 5.3 km. The volume proportion of heterogeneities is
2.5%. EMX for Nd is 8. The Damköhler number for Nd is 0.01. Dashed lines mark the 95% probability interval of all melts in a 60-Myr
simulation (only a 12-Myr time series is shown). The proportion of the 95% probability interval relative to the range of 143Nd/144Nd in the
two-component source is labeled in each panel.
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4.5. Application to isotope ratios of MORB

Using a 100 km-wide melt pooling area and specific
choice of endmember isotope compositions, one can esti-
mate the size and EMXs of enriched heterogeneities that
are responsible for the mean and standard deviation of iso-
tope ratios of MORB (Fig. 7 and Fig. S9). As an example,
let the enriched bound be the mean 143Nd/144Nd in global
MORB (not affected by hotspots) minus two standard devi-
ations (red dashed line in Fig. 7b) and the depleted bound
be the mean 143Nd/144Nd in global MORB plus two stan-
dard deviations (red solid line in Fig. 7b). The intersection
of these two red lines in Fig. 7b means that the variation of
143Nd/144Nd in hotspot-unaffected global MORB can be
reproduced by melting a two-component mantle with
8.2% volume proportion of enriched heterogeneities that
have 5.4 times higher abundance of Nd compared to the
depleted mantle and an average size of 6.7 km (Fig. 7).

In supplementary Fig. S9 we provide estimates for the
size and enrichment factor suitable for the means and stan-
dard deviation of 176Hf/177Hf, 87Sr/86Sr, and 206Pb/204Pb in
global MORB not affected by hotspots. The estimated size
ranges from 5.1 to 6.7 km while the proportion of enriched
heterogeneities ranges from 5.2% to 8.2%. This result is
confirmed by a forward simulation using size and propor-
tion of enriched heterogeneities from the estimated range
(Fig. 10). A more robust inversion should consider the
uncertainty in the endmember isotope compositions and
utilize constraints from all available isotope ratios simulta-
neously to deduce a consistent estimation of the size and
volume proportion of enriched heterogeneities.

The isotope ratios of the pooled melt scatter around the
mean composition of MORB (Fig. 10). In 143Nd/144Nd vs.
87Sr/86Sr and 176Hf/177Hf vs. 143Nd/144Nd diagrams
(Fig. 10(a and b)), the scattered trends of the melts form
elongated oval shapes that rotate counter-clockwise and
clockwise, respectively, about the local slope of the mixing
line at the mean composition. The sense of rotation is con-
sistent with previous simulations with constant EMXs for
all elements, further confirming the importance of incom-
patibility of trace elements on controlling the extent of vari-
ations in the isotope ratios relative to that in the source
(Section 3.2). The quasi-linear trend of the melt does not
necessarily require a linear mixing line between the two end-
members in the source, i.e. the same EMX for the two ele-
ments in the x and y axes of the isotope ratio diagram. The
melt trend should not be simply extrapolated in search for
the isotopic composition of the endmember in the source.



Fig. 9. The equivalent size for variation in 143Nd/144Nd as a function of the width of the melt pooling area. The size of heterogeneity is 5.3 km.
Narrower melt pooling area produces larger variation in 143Nd/144Nd, thus larger equivalent size. The half-space melt pooling area (blue
symbols) has similar equivalent size as the symmetric melt pooling area (red symbols) of the same width. Two lines of different scaling
relationships (wp

�1/2 and wp
�1) are shown for reference. (For interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)
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Nevertheless, when plotting isotope ratios of the same ele-
ment, such as 207Pb/204Pb vs. 206Pb/204Pb, the trend of the
melt lies on the mixing line of the two-component source
(Fig. 10(c and f)).

If the width of the melt pooling area narrows, the iso-
topic variation in the pooled melt is larger for the same
5.3 km heterogeneities (loops and braces in Fig. 10). A melt
pooling width of 25 km produces 60%, 82%, 100%, and
66% more variation in 87Sr/86Sr, 143Nd/144Nd, 176Hf/177Hf,
and 206Pb/204Pb than those of a melt pooling area of
100 km wide. Based on the scaling relationship between
the size of the heterogeneity and the width of melt pooling
area, the size of heterogeneity responsible for the standard
deviation of MORB could be 3.7 km if the melt pooling
area is 50 km wide (using Eq. (B7)). Therefore, to estimate
the size of mantle heterogeneity one must know the width
of the melt pooling area. The latter depends on the mecha-
nism of melt migration in and around LAB. The variations
of melt pooling area under different ridge settings will prop-
agate into the uncertainty of the estimate of the size of
heterogeneities.

The current simulation cannot reproduce some MORB
data with relatively low 143Nd/144Nd at given 87Sr/86Sr,
high 176Hf/177Hf at given 143Nd/144Nd, and high
207Pb/204Pb at given 206Pb/204Pb (Fig. 10). Lack of these
isotopic signatures could be due to the limitation of the
two-component source which consists of DMM and an
EMII-flavored component. Introducing additional enriched
endmembers, such as EMI, HIMU, and/or FOZO, could
produce more variations in these isotope ratio diagrams.
In supplementary materials, we provide one such example
for melting a five-component mantle (Fig. S10). The varia-
tions of melt compositions in 207Pb/204Pb vs. 206Pb/204Pb
diagrams (e.g. Saal et al., 1998) would also require at least
three endmembers in the source. The depleted endmember
could also be variable and include the ultra-depleted mantle
source (Liu et al., 2008; Sanfilippo et al., 2019).

The eruptible melt at the ridge axis could be an incom-
plete mixture of melts pooled from different melting col-
umns stacked laterally from the axis. The range of isotope
ratios in the melt erupted at the ridge axis could extend
to the range of chemically extreme melts pooled from the
narrowest and furthest melting column (e.g., magenta loops
in Fig. 10(d-f)). These chemically extreme melts have a
small volume flux compared to the total melt flux at the
ridge axis, and hence may not be routinely sampled. There-
fore, there could be a few samples with isotope ratios
beyond the two-standard deviations of the eruptible melt
at the axis. In the next section, we show that the abun-
dances of incompatible trace elements are also sensitive to
the location of the melt pooling area and can be used to fur-
ther constrain the extent of incomplete mixing.

4.6. Incompatible trace elements

The pseudo-2D ridge model can also be used to under-
stand variations of incompatible trace element concentra-
tions in MORB. Fig. 11a shows the variation of trace
element patterns of MORB with more than 6 wt% MgO
and not affected by hotspots (Lehnert et al., 2000). We sug-



Fig. 10. Comparison of the pooled melt and MORB not influenced by hotspots in isotope ratio diagrams. The size of enriched heterogeneities
is 5.3 km and the volume proportion of enriched heterogeneities is 6%. The EMXs for Nd, Hf, Sr, and Pb are 7.4, 5.6, 2.2 and 10.4,
respectively. Color filled circles are samples of well-mixed pooled melt. The range of locally pooled melt is superimposed as colored loops.
MORB data are shown as gray dots (compiled from PetDB, Lehnert et al., 2000). Dotted lines are mixing lines between DMM and the
enriched endmember used in the simulation.
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gest that such large variation is likely due to incomplete
mixing of melts pooled from melting columns of different
heights. The variation of incompatible trace element con-
centrations in the source could be homogenized in the
well-mixed pooled melt. In the calculation shown in
Fig. 11, the enriched endmember has eight times higher
Nd abundance than DMM. However, there is only 20% rel-
ative variation of Nd in the well-mixed pooled melt. The
1/40 reduction of source variation would make source vari-
ation due to any enriched endmember barely visible in the
Nd abundance of the well-mixed pooled melt. Therefore,
variations of incompatible trace elements in the enriched
endmember are significantly damped in the well-mixed
pooled melt, by melt migration induced mixing along the
melting column and lateral mixing along LAB.

The small variation of well-mixed pooled melt cannot be
effectively enhanced by using variable DMM composition
as the variation of incompatible trace element concentra-
tion in depleted mantle is only five times for Ba and 20%
for Yb (Workman and Hart, 2005). The variation of well-
mixed pooled melt could hardly reach the magnitude of
variations in MORB even if we consider the largest possible
size in the previous section (6.7 km). Our simulations sug-
gest that melts derived from melting columns of different
height could produce significantly larger variation of
incompatible trace element abundances than the well-
mixed pooled melt (Fig. 11c). Concentrations of incompat-
ible trace elements increase with increasing distance away
from the ridge axis or decreasing height of the melting col-
umn, whereas variations of the trace elements in a given
melting column increases with their incompatibility. Collec-
tively, the incompletely mixed melts from various distance
away from the ridge axis could have 500 times of variation
in Ba and five times of variation in Yb (Fig. 11c).

In our model, the channel melt mixes with the matrix
melt at the top of the 1D melting column. However,



Fig. 11. Comparsion of trace element patterns of the well-mixed pooled melt and off-axis melts with observations of MORB, bulk oceanic
crust, and olivine-hosted melt inclusions. The width of the two bins 5 km and 42 km off axis is 10 km while the bin 98 off axis is 7 km wide. The
concentration is normalized by primitive upper mantle (McDonough and Sun, 1995). The elemental ratio of the enriched endmemeber is
caculated by the method of Stracke et al. (2003). The range of trace element patterns of hotspot-unaffected global MORB (MgO > 6%) is
compiled from PetDB database (Lehnert et al., 2000). The dataset has excluded samples within 800 km of any hotspot recognized by
Courtillot et al. (2003). The MORB mean is from White and Klein (2014). The range of melt inclusion data from the FAMOUS segment only
includes high-MgO melt inclusions hosted by olivines (Laubier et al., 2012).
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Spiegelman and Kelemen (2003) reported large variation of
incompatible trace element abundances in the melt sampled
at the top on the scale of one channel width. The width of
dunite channels observed in the field has a skewed probabil-
ity distribution weighted toward the lower end of the spec-
trum from 0.1 m and 200 m (Kelemen et al., 2000). Such
small-scale variability in the melt is likely to be homoge-
nized in the axial magma chamber (DePaolo, 1996) and
may not provide a viable mechanism to produce the
observed variation of incompatible trace element abun-
dances in MORB. Assuming a volume of axial magma
chamber of 1 km2 per length of the ridge (Sinton and
Detrick, 1992), the width of the melting column must be
at least 10 km for the melt flux pooled from the melting col-
umn to endure homogenization in the axial magma
chamber.

Crustal level fractionation is unlikely a major factor
responsible for the incompatible trace element variability
observed in MORB samples with more than 6% MgO (only
a factor of two along the liquid line of descent, White and
Klein (2014)). The effect of along-ridge variation in the
degree of melting can be filtered out by excluding hotspots
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affected ridges or considering primitive melt inclusions col-
lected at a local ridge segment (Laubier et al., 2012). The
large variation of incompatible trace element ratios, such
as (La/Sm)N, could also be attributed to incomplete mixing
along LAB (Fig. S11). Therefore, the large variation of
incompatible trace element abundances in MORB provides
strong evidence for incomplete mixing of locally pooled
melts, which is consistent with other mixing models for
trace elements, isotope ratios, and U-series (e.g., Slater
et al. 2001; Stracke et al., 2006; Rudge et al., 2013).

5. SIMPLIFICATIONS AND PERSPECTIVES

The pseudo-2D two-porosity ridge model expands previ-
ous geochemical treatment of decompression melting
beneath mid-ocean ridges (O’Hara, 1985; Holness and
Richter, 1989; Plank and Langmuir, 1992; Asimow and
Langmuir, 2003; Wanless et al., 2014; Liu and Liang,
2017b) by considering disequilibrium melting and melt
transport in residual matrix, channelized melt migration,
and spatially and temporally variable mantle source com-
positions. Nonetheless, our bundle of column model is sim-
plified. In particular, the flow of the residue mantle and the
matrix melt in the triangular melting region is vertical. In a
more realistic case of corner flow and melt focusing where
streamlines of the matrix melt and solid are different in
the upper part of the melting triangle (e.g. Phipps
Morgan, 1987; Spiegelman and McKenzie, 1987; Keller
et al., 2017; Liu, 2018; Liu and Liang, 2019), chemical
heterogeneities would be rotated and further deformed dur-
ing their transit through the melting region. This corner
flow-induced effect is important for the interpretation of
isotope ratios and incompatible trace element variations
in the residual solid. However, variations of Sr, Pb, Nd,
and Hf isotope ratios in the pooled melt would not be sig-
nificantly affected by horizontal melt transport near the
ridge axis. As we discussed in Section 3.2, melts produced
in the upper part of the triangular melting region have con-
siderably lower incompatible trace element abundances
(due to preferential partitioning into the melt), and hence
exert less control on the variation of Sr, Pb, Nd, and Hf iso-
tope ratios in the pooled melt than melts derived from the
lower part of the melting region.

In the current simulation of melt mixing at LAB, we did
not consider melt transport within the decompaction
boundary layer, which is likely more complicated and
results in additional mixing of melts emerging at different
locations in the decompaction channel (Ghods and
Arkani-Hamed, 2000). The pooled melt at any given time
could be an ensemble of LAB melts at all distance but with
different weights/probabilities. Although LAB melts will
eventually enter the axial magma chamber, the erupted melt
could still inherit some chemical variations due to a local
melt pooling area that is wider than 10 km but much smal-
ler compared to the entire melting region. It would be a
worthwhile future study to investigate the mixing of LAB
melts as they enter the decompaction channel and are trans-
ported toward the ridge axis.

Another simplification of the present study is the con-
stant relative melt suction rate, S, in the 2D melting region.
Values of S that can explain variations of REE abundance
in residual clinopyroxene in abyssal peridotites is in the
range of 0.8 to 0.95 with the latter representing near perfect
fractional melting (Iwamori, 1993; Lundstrom, 2000; Liang
and Peng, 2010). Increasing the value of S from 0.85 used in
the present study to 0.95 results in slightly larger variations
in 87Sr/86Sr and 143Nd/144Nd (Fig. S13) and negligible vari-
ation of incompatible trace element abundances (Fig. S12)
in the pooled melt. The effect of S is secondary to the
enrichment strength and the effect of size of the melt pool-
ing area. Therefore, corrections for S in the quantitative
estimate of the variation in isotope ratios is not included
in the present model.

The chemical heterogeneity considered in the present
study has the same lithology and melting rate as the
depleted background mantle. This simplification allows us
to avoid complications such as porosity waves, time-
dependent flow fields, and pyroxenite-derived melt and
lherzolite or harzburgite reaction (see Liang and Liu,
2018 for further discussion). These complicated and not
well constrained effects were avoided in previous modeling
of melting a lithologically heterogeneous mantle by assum-
ing no chemical interaction between melt derived from one
lithology with melt and solid in another lithology (e.g. Ito
and Mahoney, 2005a, b; Stracke and Bourdon, 2009;
Rudge et al., 2013). The difference in solidus and melt pro-
ductivity of lithologically distinct components in the mantle
could affect the melt composition if the final melting depth
is variable (Ito and Mahoney, 2005a). The size and spatial
distribution of enriched chemical and lithological hetero-
geneities may be linked to the formation of high-porosity
(dunite) channels in an upwelling melting region (e.g.
Schiemenz et al., 2008; Liang et al., 2010; Liang et al.,
2011; Weatherley and Katz, 2016; Keller et al., 2017),
although the physical processes and petrological and geo-
chemical consequences of the interaction between
pyroxenite-derived melt and peridotites remain poorly
constrained.

The present model examines the spatial and temporal
variations of chemical heterogeneities in a 2D section.
However, the majority of MORB samples are collected
along ridge and time series or ridge-transverse samples
are rare (e.g. Cordier et al., 2010). The MORB sample
may be regarded as a snapshot in the time series of the melt
pooled from a 3D melt pooling region. If the vertical and
lateral distributions of the heterogeneities are statistically
similar, the along-ridge MORB samples may be regarded
as random samples in the time series of the pooled melt.
If there are vertical and lateral anisotropy in the distribu-
tion of mantle heterogeneity in the mantle source, caution
should be exercised when comparing along-ridge variations
of isotope ratios and incompatible trace element in MORB
samples with time series results based on 2D time-
dependent ridge models.

6. CONCLUSIONS

We have examined the variations of isotope ratios of Sr,
Pb, Nd, and Hf and selected incompatible trace elements in
pooled melts produced by disequilibrium melting and melt
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transport in a spatially and chemically heterogeneous man-
tle beneath mid-ocean ridges using the pseudo-2D two-
porosity model. An important new feature of our pseudo-
2D ridge model is that the mantle source composition varies
both spatially and temporally during melting. Through
numerical examples and simple analysis, we have demon-
strated the importance of the size and distribution of man-
tle heterogeneities, the elemental abundance of enriched
heterogeneities, and the width of melt pooling area to the
interpretation of isotope ratios and incompatible trace ele-
ments in basalts erupted on the surface. The main results of
this study can be summarized as follows:

1. Compositions of the matrix melt vary spatially and tem-
porally depending on the size and spatial distribution of
chemical heterogeneities in the mantle sources. The
enriched signals marked by isotope ratios of Sr and Pb
in the matrix melt are stretched along melt flow direction
in the upper part of the melting region and their ampli-
tudes in the mantle source are preserved in the matrix
melt and solid. The enriched signals marked by isotope
ratios of Nd and Hf in the matrix melt are both stretched
and smeared in the upper part of the melting region and
their amplitudes are damped due to the finite rate of
chemical exchange between the matrix melt and the min-
erals. The size and extreme isotope ratios of Nd and Hf
in the melting region are not preserved. These element-
dependent stretching and smearing arise naturally dur-
ing decompression melting of a heterogenous mantle
and are fundamental to the interpretation of variations
of isotope ratios in the pooled melt, residual solid, and
the mantle source.

2. Compositions of the pooled melt are mixtures of the
channel melt and matrix melt sampled in part of the
decompaction boundary layer beneath the LAB. In gen-
eral, composition variability of pooled melt increases
with the increase of heterogeneity size and the decrease
of the width of the melt pooling area. The same range
of isotope ratio variations can be produced by doubling
the size of heterogeneity and quadrupling the bin width
of the melt pooling area.

3. Based on results of numerical simulations, we quantified
the trade-offs between the size of enriched blob and the
abundances of Sr, Nd, Pb, and Hf in the enriched man-
tle, and between the size of the blob and the width of
melt pooling area using ‘‘2D enrichment strength” and
‘‘equivalent size”, respectively. Using a 100 km-wide
melt pooling area, the standard deviation and mean of
143Nd/144Nd, 176Hf/177Hf, 87Sr/86Sr, and 206Pb/204Pb in
global MORB not affected by hotspots can be repro-
duced by melting a two-component mantle with 5.2–
8.2% enriched heterogeneities of 5.1–6.7 km mean size
and 7.0(±1.6), 5.3(±1.2), 2.0(±0.5), and 9.8(±2.2) times
higher abundances of Nd, Hf, Sr, and Pb than the
depleted mantle, respectively. Melts pooled far away
from the ridge axis could explain some isotope ratios
outside the standard deviation.

4. Using the time-dependent pseudo-2D two-porosity mod-
el, we show that variations of 87Sr/86Sr and 206Pb/204Pb
in pooled melt are larger than variations of 143Nd/144Nd
and 176Hf/177Hf in pooled melt when normalized by the
variation of respective isotope ratio in the mantle source.
The trend of the well-mixed pooled melt is rotated
counter-clockwise in 143Nd/144Nd vs. 87Sr/86Sr diagram,
resulting in a different slope than the mixing line.
Depending on the size and volume proportion of hetero-
geneity and the melt pooling area, the interception of the
two trends may not coincides with the mean composition
of the mantle source and the extreme isotope ratios of
the pooled melt may not sample the depleted and
enriched endmember components of the mantle source.
These systematic variations in radiogenic isotope ratios
in the pooled melt are broadly similar those observed
in the statistical mixing model of Rudge et al. (2013)
for melting a lithologically heterogeneous mantle, under-
scoring the importance of mixing in producing composi-
tional variations in eruptible melts.

5. The variation of incompatible trace element abundance
in the two-component mantle is significantly reduced in
the well-mixed pooled melt. Melts pooled from melting
columns further away from the ridge axis could have
more than a factor of 10 higher concentration of incom-
patible trace elements than the well-mixed pooled melt.
The large variation of incompatible trace element abun-
dances in MORB suggests that the mixing of melts dur-
ing lateral focusing is incomplete. More studies are
needed to quantify the process of melt transport in the
decompaction boundary layer beneath LAB.

The present study highlights the need of knowledge on
the size, shape, and spatial distribution of mantle hetero-
geneities in the source region of basalts. These physical
properties of the mantle source, as well as composition
and lithology, are ultimately controlled by mantle convec-
tion, slab recycling, and crust formation processes (e.g.
Morgan and Morgan, 1999). By considering the size and
spatial distribution of mantle heterogeneity in the basalt
source region and melting and migration processes, it is
possible to make better connection between mantle geo-
chemistry and geodynamics (e.g. Gurnis and Davies,
1986).
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APPENDIX A. GOVERNING EQUATIONS

Solutions of matrix porosity, matrix melt velocity, and
the channel melt flux are required before solving the conser-
vation equations for the trace element. In one-dimension,
the evolution of the physical state of the melting column
are governed by the following equations (Iwamori, 1993;
Lundstrom, 2000; Jull et al., 2002; Liang and Parmentier,
2010):

d qf/V
m
f

� �
dz

¼ C 1� Sð Þ; ðA1Þ

d qs 1� /ð ÞV m
s

	 

dz

¼ �C; ðA2Þ

d qf/V
ch
f

� �
dz

¼ 1� w
w

CS; ðA3Þ

/ V m
f � V m

s

� �
¼ k/

gf
1� /ð ÞDqg; ðA4Þ

where Eqs. (A1)–(A3) are mass conservation equations for
the matric melt, matrix solid, and channel melt. Eq. (A4) is
Darcy’s law. We solve the above equations using the
method of Liang and Liu (2018). The solutions are given
below:

/m ¼ 1� Sð ÞF 0V 0 � z
V m

f

; ðA5Þ

V m
f ¼ 1� Sð Þ2=3 � F 0V 0

/ref
� zþ 1� zð Þ � V 0; ðA6Þ

V m
s ¼ ð1� F 0 � zÞ � V 0

1� /
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/chV
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f ¼ F 0V 0 � S 1� w

w
� z; ðA8Þ

where /ref is the reference porosity at the top of the melting

column if there is no melt extraction (Liang and Liu, 2018);
F0 is the reference degree of melting, 0.2; V0 is the upwelling
rate of the mantle. In the current model, we set /ref to be

0.01. In deriving Eq. (A6), we assume constant melting rate
and linear velocity profile for the matrix melt. The velocity
of the matrix melt at the top of the melting column is con-
strained by Darcy’s law and mass conservation (Liang and
Liu, 2018).

To model spatially distributed mantle heterogeneities in
the melting region, we use the following time-dependent
mass conservation equations for a trace element in the
matrix melt, matrix solid, and channel melt:
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@z

¼ 1� wð ÞCSCm
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where w is the volume proportion of channels; z is the ver-
tical distance above the solidus; / is porosity; V is velocity;
C is concentration; superscript/subscript m and ch refer to
the matrix and the channel; superscript/subscript s and f

refer to the solid and the melt; km is the bulk partition coef-
ficient; kp is the partition coefficient calculated according to
melting reaction.

In Eq. (A11) we neglected the partitioning of incompat-
ible trace element in olivine in the dunite channel, as Sr, Pb,
Hf, and REE are highly incompatible in olivine. The sum of
Eqs. (A9)–(A11) recover the global mass conservation
equation for the matrix and channel continua. For simplic-
ity, we assume that the volume proportion of channels is
uniform in the melting region. The first term on the right-
hand side (RHS) of Eqs. (A9) and (A10) describe melting
of the matrix. The third term on RHS of Eq. (A9) and
the second term on RHS of Eq. (A10) are due to diffusive
exchange between the mineral and melt in the matrix con-
tinuum. The second term on RHS of Eq. (A9) and the
RHS of Eq. (A10) describe extraction of matrix melt into
the channel.

To solve the time-dependent Eqs. (A9) and (A10)
numerically, we first nondimensionalize the governing
equations using the height of the melting column beneath
the ridge axis as the length scale and the solid upwelling
time as the time scale.

For convenience of numerical integration using a high-
order accurate method, we introduce two conserved
variables:

Cm0
f ¼ /mC
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The nondimensionalized equations then become
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To minimize errors in numerical integrations of this
advection-dominated problem, we use a fourth-order
Runge-Kutta Discontinuous Galerkin method (Shu and
Osher, 1988; Cockburn and Shu, 1989) to solve the time-
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dependent Eqs. (A13) and (A14). We use the software pack-
age deall.ii (Bangerth et al., 2016) to implement the numer-
ical scheme.

APPENDIX B. EMPIRICAL EXPRESSIONS FOR THE

VARIATION OF ISOTOPE RATIOS

The systematic trend of the pooled melt as a function of
the 2D enrichment strength shown in Fig. 6 can be used to
estimate not only the average isotopic composition of the
pooled melt but also the range of isotope ratios in the
well-mixed pooled melt if the following three sets of param-
eters are known: (1) the composition and proportion of
endmembers, (2) the 2D enrichment strength, and (3) the
average spacing. The former determines the average of
the pooled melt and the latter two determine the variability
of the well-mixed pooled melt. The enriched and depleted
bounds of the pooled melt (using a 100 km-wide melt pool-
ing area) shown in Fig. 6 are given by the following two
empirical expressions:

\Enriched bound" ¼ Xmean þXE � f
Ymean þYE � f ; ðB1Þ

\Depleted bound" ¼ Xmean þXE � g
Ymean þYE � g ; ðB2Þ

f ¼ a � L ffiffiffiffi
x

p
; ðB3Þ

g ¼ x � exp �b � 1� x
x

� L
� �

� 1

� �
; ðB4Þ

where X and Y are the concentration of the numerator and
the denominator of the isotope ratio (X/Y), respectively; x
is the volume proportion of the enriched endmember in the
mantle source; f (>0) and g (<0) are two short-hand nota-
tions; a and b are two element-specific parameters and their
values (Table B1) depend on the melting Damköhler num-
ber and partition coefficient; subscripts ‘‘D” and ‘‘E” refer
to the concentration in DMM and the enriched endmem-
ber, respectively; subscript ‘‘mean” indicates the mean con-
centration in the two-component source. As shown in
Table B1, values of a and b for Pb and Sr are larger than
those for Nd and Hf, which is consistent with the results
that isotopic signals Nd and Hf are better mixed than those
of Sr and Pb if the enrichment factor of all elements are the
same.

By substituting the mean concentration in the right-
hand side of Eqs. (B1) and (B2) into the two-component
mixing equation (Langmuir et al., 1978), we can rewrite
the ‘‘Enrichment bound” and the ‘‘Depleted bound” in
terms of isotope ratios of the enriched and depleted end-
member components:
Table B1
Parameters in the ‘‘enriched bound” and ‘‘depleted bound” for
well-mixed pooled melt.

Nd Hf Sr Pb

a (km�1) 2.55 � 10�2 2.30 � 10�2 3.67 � 10�2 4.62 � 10�2

b (km�1) 9.34 � 10�3 8.85 � 10�3 1.29 � 10�2 1.23 � 10�2
\Enriched bound" ¼ 1�xð Þ � X
Y

� �
D
þEMX � xþfð Þ � X

Y

� �
E

1�xð ÞþEMX � xþfð Þ ;

ðB5Þ
\Depleted bound" ¼ 1�xð Þ � X

Y

� �
D
þEMX � xþgð Þ � X

Y

� �
E

1�xð ÞþEMX � xþgð Þ :

ðB6Þ
It can be shown that EMX � f is a function of the 2D

enrichment strength (Eq. (7)) and EMX � g is a function
of the average spacing (Eq. (8)). EMX � x is effectively con-
stant in the simulations presented in Fig. 6 because the
average composition of the source is fixed. Results of
Eqs. (B5) and (B6) are plotted as contours in Fig. 7 and
Fig. S9 where the dependence of the ‘‘Enriched bound”

and the ‘‘Depleted bound” on EMX � L2 and EMX � L,
respectively, are clearly demonstrated. Note that Eqs.
(B1), (B2), (B5), and (B6) recover the two-component mix-
ing equation (Langmuir et al., 1978) if f and g are zero. The
positive valued f and the negative valued g represent the
fluctuation due to specific size, spacing, and concentration
of enriched heterogeneities.

The variation of isotope ratios in the pooled melt pre-
dicted by Eqs. (B5) and (B6) only applies to a 100 km-
wide melt pooling area. For an arbitrary width of melt
pooling area, we replace the size of the heterogeneity in
Eqs. (B3) and (B4) with an equivalent size, L*, according
to the scaling relationship discussed in Section 4.4 (Fig. 9):

L� ¼ L �
ffiffiffiffiffiffiffiffiffiffi
wp100

wp

r
; ðB7Þ

where the reference width of melt pooling area wp100 is
100 km.

APPENDIX C. SUPPLEMENTARY MATERIAL

Supplementary figures and captions for supplementary
movies can be found in ‘‘Electronic Supplementary Materi-
als”. Supplementary data to this article can be found online
at https://doi.org/10.1016/j.gca.2019.10.013.
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